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Abstract 

This paper proposes a feedback neural network for eigen-structure extraction of a positive semi-definite matrbc and 
shows it's stability and real-time eigen-decomposition computation ability. This neural network can arrive at its steady 
state in the magnitude of the circuit's time constant. The output voltage of the network at the smallest energy state is just 
the eigenvector of the network's connection strength matrix: corresponding to its smallest eigenvalue. By appropriate 
matrix transformation, we can further extract the other eigen-parameters ofthe matrix. Both the theoretical analysis and 
the computer simulation results show that the proposed network can extract the eigen-parameters of a matrix in real time. 
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1. Introduction 

The matrix eigenparameters' decomposition problem is 
not only very important to the theoretical researches, but 
also has important significance to many practical 
applications such as auto-control, signal processing, 
radar, communication and so on. In particular, the real
time matrix eigen-decomposition is required in many 
actual application domains, but this task is very difficult to 
be implemented by the modern digital computer system 
with V on Neumann structure. 

During the last decade, many researchers are 
increasingly interested in the study of the artificial neural 
network (ANN). The ANN is mainly characterised by its 
adaptiveness, self-organisation, non-linear network 
processing and parallel processing121. By use of its massive 
parallel information processing capability, the ANN 
plays very important roles in many applications such as 
combinatorial optimization, linear and non-linear planning, 
computation of matrix inversion, and matrix eigen
decomposition, et ai.P- 101. 

In recent years, many eigen-decomposition methods 
have been proposed from the viewpoint of energy function. 
Mathew et at.l51 gave a G-N method and Yang!IIJ proposed 
a PAST method, for matrix eigen-computation through 
optimization techniques. Kung and Diamantaras14l 

presented an APEX algorithm and ChauvinPl gave a 
penalty function method for extracting eigenvector of 
covariance matrix in recursive mode. These two methods 
are only used for feed-forward linear .neuron, and must 
also modify the connection strength of the network 
repeatedly. The authors recently also gave two network 
methods to calculate the minimum eigenvector and 
eigenvalue, and all other eigenvector and eigenvalues of a 
positive definite or semi-definite matrixl6•7•81, 

This paper proposes a new feedback ANN structure for 
solving the eigen-structure decomposition of a positive 
semi-definite matrix which is able to be directly used as 

the network's connection strength matrix without any pre
processing. 

2. A Novel Neural Network 
Structure 

The architecture of the proposed neural network can be 
shown in Figure I. It consists of four parts which are 
called as, respectively, main net (denoted by MN) and 
secondary net I, 2, 3 (for short, SN I, SN2, SN3, 
individually). 

y (t) 

Figure 1 the architecture of the proposed neural network 
with four subnets (Namely, MN, SNI, SN2, and SN3) 

It can be seen from figure I that the main net is 
consisted of N neurons with monotonically increasing and 
continuous activation function denoted by g; ( u) for i-th 

neuron. The u;(t) and vi(t) are the input voltage and 
output voltage of i-th neuron, respectively. C i is the input 
capacitor of i-th neuron. 

There are also N neurons in SNI. The v9l (t) is the 

output voltage of j-th neuron in SNI in which the 
activation function of each neuron is a amplifier with 
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constant gain k/ , that is to say it's every neuron in the 
subnet is a admittance amplifier. 

The MN's output voltage v j {t), multiplied by the 

connection strength d ij between the i-th neuron of SN 1 

and the j-th neuron of MN, is input to the i-th neuron of 

SNl, and then its produced input current is dijv j(t), 

where D = { d iJ!i . J = 1,2 ....• N } is a N x N 
matrix that is called as connection strength between SN 1 
and MN of the Net, which is required to be a positive semi
defmite matrix. So the output of i-th neuron of SN 1 is 
given by 

N 
V p) ( t) = k 1 L d ij V j ( t) (1) 

j=l 
The SN2 consists of three layers, which includes N+2 

neurons. The first layer has N neurons whose function is to 
take the square of its input. The second layer has only one 
neuron that performs summation function with a bias of -1. 
The third layer is also one neuron which is an admittance 
amplifier with constant gain k2. Therefore, the output !3 (t) 
of the SN2 can be written as 

f3 ( t) = k 2 Ctl V 1 ( t) - 1) (2) 

The SN 3 consists of two layers whose first layer and 
second layer haveN neurons, respectively, each of which 
has two input terminals. Each neuron of the first layer 
performs the multiplication of its two inputs and the 
neuron of the second layer performs the summation of its 
two input terminals . So, the output of SN3 can be 
presented as 

v~3) (t) = v}l) {t) + ~(t) vi {t) (3) 

Since the output vP) (t)of SN3 multiplied by 
constant connection strength -k is input to the i-th neuron 
ofMN and according to Kirchoffs theorem, we have 

d U · (t) 
C,· ' =-kv<,3>(t) dt (k>O) (4) 

Substituting Eqs.(l)--(3) into Eq.(4) and simplifying, we 
can obtain 

du;(t) [ N ] 
C; = -k [3(t)v;(t)+k 1 :L duv j(t) 

dt J= I 

(i=/ ,2, ... ,N) (5) 
This set of differential equations of Eq.(5) defines the 

dynamics of our proposed new feedback neural network. 

3. The Stability of the Net 

In order to prove the stability of the proposed neural 
network, we define the energy function for the net as 
follows 

N 
E(t) = :Lv;(t)vf!>ct)+~2(t) 

i= 1 
(6) 

By substituting Eqs.(l) and (2) into Eq.(6) and using 
the matrix notation, we obtain 

E ( t) = k 1 V T DV + k ~ (V T V - 1 r (7) 

where V(t) = [v 1(t),v 2(t), .. . ,v N(t)]r. T is a vector 
transpose symbol. 

Since the matrix D is positive semi-definite matrix, i.e. , 

v T D v ~ 0, and k 1>0, k 2 >0, so energy function has 

lower bound, i.e., E(t)>o. (8) 
To prove E(t) decreases monotonically, we 

differentiate Eq.(6) with respect to time t. Meanwhile, by 
considering Eqs.(l)-(5) and making a number of 
derivatives, we obtain 

~;t) = -2k7e;[gi-1( v;(t))r ·[ d~;t) J (9) 

Since C; >0 and g;1(e} has the property of 

monotonous increment, therefore each term in Eq.(9) is 
nonnegative. So the net energy defined by Eq.(7) indeed 
decreases monotonously, i.e., 

dE (t) 
-d-,- ~ 0 (10) 

According to Lyapunov's stability theorem and Eqs.(8) 
and (10), we can deduce that our proposed feedback NN is 
stable under the energy function definition of Eq.(6) and 
has an unique energy minimal point to be reached as the 
network goes into its steady-state. 

4. Eigen-parameters' Extraction 

4.1. The Extraction of The Smallest 
Eigenvalue and lt's Corresponding 
Eigenvector of A Matrix 

In order to find the minimum eigenvalue and its 
corresponding eigenvector of a matrix R (which must be a 
positive semidefinite matrix) , we use R as the connection 
strength matrix D of the net shown in Fig. 1, and then we 
have following theorem. 

Theorem 1: If we assume R be a positive semidefinite 
matrix and be directly used as the connection strength 
matrix D of our proposed neural network, the eigenvalues 
of R are, in decreasing order of magnitude, 

AJ ~ A2 ~ .. -~AN· and ~i (i=l,2, ... ,N) is an 
orthonorrnalised basis consisted of a set of eigenvectors, 
then 

(i). The net can go into its steady state from any 
initial state at magnitude of the circuit time constant. 

(ii). RV (oo) =AN V (oo). 
(iii). j3( oo) =-AN I 17, where 7J is a positive 

constant. 

(iv). jjv (oo)ll = Jl- ;to/r,. 
The proof of theorem 1 is refer to [Tan and He, 1995]. 

Here we only give some notes. 
Statement (i) of theorem I means the net can arrive at its 

stable state in one multiplication operation (at magnitude 
of the circuit time constant) in terms of the massive 
parallel information processing capability of the feedback 
neural network. From this perspective, we say our 
proposed neural network can perform the eigen
decomposition of a matrix in real time. 
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The second statement of the theorem means while the 
net arrive at the steady state, the output voltage vector of 
the main net of Fig. 1 is just the minimum eigenvector of 
connection strength matrix R which is mapped as the 
connection strength matrix without any pre-processing. 

The third statement (iii) says that the output of the SN2 
is just the minimum eigenvalue of R multiplied by a 
constant. 

Statement (iv) means, for choosing TJ , it is required to 
know the value of minimum eigenvalue. Since ')....N will 
not be known a priori, we suggest the following practical 
lower bound 

Tr(R) ( 11 ) 
Tf > N 

In many practical applications, if we choose 

1J >> Tr(R~, then the obtained steady-state output 
eigenvector of the main net is approximately a 
normalised one. 

4.2. The Extraction of Its Other Eigen
parameters 

From the preceding subsection and [6], we have 
known that the output voltage vector of the main net is just 
the eigenvector respect to minimum eigenvalue of matrix 
R after the network settle down. Therefore the minimum 
eigenvalue and its corresponding eigenvector of the matrix 
can be easily determined by the proposed network. One 
question is quite natural: how to fmd the other 
eigenparameters (i.e., the other eigenvalues and their 
corresponding eigenvectors rather than minimum ones, 
respectively) of the R ? To tackle this problem, we have a 
theorem as follows 
Theorem 2: If a new sequence of matrix R J 

(j=1,2, ... ,N) is created from matrix R in the following 
way, 

(12) 

and further assume A.{ ( i=J,2, ... ,N, j=l,2, ... ,N-l ) be the 
eigenvalues of R J in decreasing order of magnitude. 

Then, we have ;,.,f.N = A. J• (j=1,2, ... ,N). 
PROOF: 

Since 
N 
I 1· 

i= 1 I' 

N T 
L: A. · e · e · and Tr (R) i=J I-!-! 

R 

by substituting them into Eq. (12), we have 

N T N[ l TN·T 
R1 = LA-;!:;!:; +. I Tr(R)- A; !:; !:; = LA-f !:; !:; (13) 

i=l r=N-j+l i=l 

v={~r(R;. ) i=N-j+~N-j+2, .. ·,N. 
where /ri ,~ i=l;2,··;N-j. (14) 

Therefore, from Eqs.( 13) and (14 ), we conclude that the 
minimal eigenvalue and its corresponding eigenvector of 
the new matrix R 1 is just the (N-j)-th eigenvalue and its 

corresponding eigenvector of the data covariance matrix R 
in ascending order, respectively. D 

To decrease the residual computation to construct the 
matrix R J, we can calculate it recursively, in this way, 
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R 1 = R 1_1+L1R1 (15) 

~ R1 = [Tr(R)- AN-J+d!:N-J+t!:~-J+I (16) 
wherej=1,2, ... ,N and Ro = R. 

5. Simulation 

In order to justify the mathematical analysis and 
outcome of preceding sections and the real time eigen
decomposition ability of the neural network, we make a 
computer simulation for the following data covariance 
matrix: R=[l.4178, -0.1407, 0.2416, -0.1982: -0.01407, 
0.3490, -0.1199, 0.0984: 0.2416, -0.1199, 1.0297, -0.1689: 
-0.1982, 0.0984, -0.1689, 0.6980], which is used as the 
connection strength matrix of the neural network 
illustrated in figure 1. 

The minimum eigenvalue and eigenvector of R 
calculated by the theoretical computation method are 
Amin = 0.3094, 

V min =(0.0722, 0.9778, 0.0987, -0.1699f, 
In the computer experiment, as we choose 17 = 500, 

simulation computation results of our proposed network 
are given by 
/L1=1.6346, ;t2=0.9309, ;t3 =0.6143, ;t4 = 0.3099, 

v; =( -0.8408, o.I532, -0.4425, o.2724)1', 

v; =(-0.1523, -0.1173, -0.3222, -0.9269f. 

v; =(0.5148, o.0796, -0.8312, o.1942f, 

Y.; =(0.0726, 0.9774, 0.0983, -0.1701f. 
The evolutionary trajectories of the every component 

of MN's output v; corresponding to second small 

eigenvalue ).,3=0.6143 are plotted in Figure 2. 

~(t) vjl) 
·1 !----:::::--~~==~~===:=s=~ 

0 20 40 60 so 100 120 140 
(a) time(ns) 

0.5 
y(t) 

---- Vjt) 
" / 
~ 0 

~ 

~ 
Vjt} > 

.0.5 ~(t) 

·1 
0 20 40 60 80 100 120 140 

(b) time(rs) 

Figure 2 the trajectories of the networks'· output 
corresponding to the second small eigenvalue with (a) 

random initial state and (b) fixed initial state 
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It is shown in Figure 2 that each component of the 
output of the MN can approach their respective theoretical 
value in hundreds of nanoseconds regardless of its initial 
states. Table 1 gives some values of the network's outputs 
corresponding to Figure 2 in several initial steps. From 
this viewpoint, we say the proposed network in this paper 
can implement the extraction of the eigenstructure of a 
data covariance matrix in real time as long as it is used as 
the connection strength matrix .. 

t(nS) vdt) vz(t) v3(t) V4(t) 

0 0.0000 0.0000 0.0000 0.0000 
10 0.3055 0.0472 -0.4933 0.1152 
20 0.4297 0.0664 -0.6938 0.1621 
30 0.4802 0.0743 -0.7753 0.1811 

...... ... ... ... .. . 
100 0.5147 0.0796 -0.8311 0.1941 

... 
Table I the calculated values ofthe mttlal steps of the 
MN's output voltage vector corresponding to the second 

small eigenvalue of the data covariance matrix 

6. Conclusion 

In this paper, we have proposed a novel neural network 
to solve the eigen-decomposition problem of a matrix in 
real time. It benefits from the dynamic evolutionary 
character of coupled nonlinear network The network is 
very suitable for the applications in which the processing 
time is critical. Therefore, the neural network, in particular, 
the feedback interconnected artificial neural network and 
the like, will play very important roles in many 
applications[sJ which require real-time signal processing in 
the future. 
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